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Some of my applied projects

Adaptive Traffic Control

Routing of AGVs in the Hamburg harbor

Constructing periodic timetables in public transport
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Ship Traffic Optimization for the Kiel Canal

Coordinated traffic light control in networks
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‣ techniques from discrete optimization  
and operations research

network and graph algorithms,  
optimization, heuristics …
integer linear programming

‣ modeling

‣ implementation skills

‣ speaking the language of practitioners

Common characteristics

Network flows (in many variations) and scheduling

Theory Applications



Bidirectional Traffic

train networks road networks

communication networks

Nordostseekanal

xi AG
NOK
Status
Auftrag

Ausweichstellen: ”Weichen“

ship traffic



Nordostseekanal
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AuftragOptimizing the Kiel Canal

Elisabeth Lübbecke  
Marco Lübbecke 
Rolf Möhring



The Kiel Canal (Nord-Ostsee-Kanal)

‣ Connects North Sea and Baltic Sea

‣ 280 nautical miles saved compared to the way around Skaw

‣ Canal with highest traffic in the World

Situation at the Kiel Canal Characterization Heuristic for Simulation Lower Bounds

The Kiel Canal

Connects North Sea and Baltic Sea
280 nautical miles saved compared to the way around Skaw

Most frequented artificial waterway worldwide (100+ vessels/day)

2 Ship Traffic Optimization for the Kiel Canal



Some traffic details

‣ Passage lasts 8–10 hours

‣ 40-50 vessels at the same time

Situation at the Kiel Canal Characterization Heuristic for Simulation Lower Bounds

Ship Traffic on the Kiel Canal

Passage lasts 8–10 hours
40 vessels at the same time

It’s too tight in the canal
regulations are needed

3 Ship Traffic Optimization for the Kiel Canal

Situation at the Kiel Canal Characterization Heuristic for Simulation Lower Bounds

Ship Traffic on the Kiel Canal

Passage lasts 8–10 hours
40 vessels at the same time

It’s too tight in the canal
regulations are needed

3 Ship Traffic Optimization for the Kiel Canal

‣ It’s too tight in the canal
‣ traffic guidance is needed

Situation at the Kiel Canal Characterization Heuristic for Simulation Lower Bounds

Project: Enlargement

Increasing gross tonnage:

9 Ship Traffic Optimization for the Kiel Canal

‣ Increasing gross tonnage
‣ 1996 – 2008



Why optimization?
Situation at the Kiel Canal Characterization Heuristic for Simulation Lower Bounds

Project: Enlargement

Increasing gross tonnage:

9 Ship Traffic Optimization for the Kiel Canal

Increasing gross tonnage
1996 – 2008

Situation at the Kiel Canal Characterization Heuristic for Simulation Lower Bounds

Project: Enlargement

by the Waterways and Shipping Administrations of
Kiel-Holtenau and Brunsbüttel
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9 Ship Traffic Optimization for the Kiel Canal

Canal needs enlargement

We are not prepared for future traffic, need better routing



Why we (the COGA group)?

Routing of AGVs in the Hamburg harbor
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They new about this application …

… and thought theirs was similar

Combinatorial Optimization
and Graph Algorithms Technische Universität Berlin

November 2004, 7



What do you expect from us?
Situation at the Kiel Canal Characterization Heuristic for Simulation Lower Bounds

Project: Enlargement

by the Waterways and Shipping Administrations of
Kiel-Holtenau and Brunsbüttel

Entfall
Weiche
Kudensee

Weiche
Burg D1

Weiche
Burg D2

Gros̈weiche
Fischerhütte-
Oldenbüttel
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9 Ship Traffic Optimization for the Kiel Canal

Verkehrslenkung

Planung durch erfahrene Verkehrslenker:

6 / 20

‣ Improve manual planning

‣ Recommendations for canal enlargement (widening, new 
sidings …) for future traffic

‣ Automated guidance during construction phase



What is the main problem?

‣ Ships must be scheduled to wait in sidings (turnouts)

‣ Waiting can‘t be too long

‣ New ships arrive online

Nordostseekanal

xi AG
NOK
Status
Auftrag

Ausweichstellen: ”Weichen“

Nordostseekanal
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Ausweichstellen: ”Weichen“Nordostseekanal

xi AG
NOK
Status
Auftrag

Ausweichstellen: ”Weichen“

Opposing traffic creates the main problems …



Detailed view at a siding

Einleitung Heuristik STCP BSP CRAS Z

Nord-Ostsee-Kanal

Weichen im Kanal ermöglichen Begegnung mit zu großen Schi↵en:

Begegnung mancher Schi↵e auf Abschnitten zwischen Weichen möglich:

6

3

2 4

On- and O✏ine Scheduling of Bidirectional Tra�c 3/51

 siding



A glimpse at traffic details

Einleitung Heuristik STCP BSP CRAS Z

Nord-Ostsee-Kanal

Weichen im Kanal ermöglichen Begegnung mit zu großen Schi↵en:

Begegnung mancher Schi↵e auf Abschnitten zwischen Weichen möglich:

6
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2 4

On- and O✏ine Scheduling of Bidirectional Tra�c 3/51

Combines routing and scheduling



What is the current practice?

Verkehrslenkung

Planung durch erfahrene Verkehrslenker:

6 / 20

Manual traffic guidance by experienced planners  
with a nautical background



Optimization model

‣ The canal
segments and sidings
passing limits per segment
capacities per siding

‣ The ships
dimensions, type
origin, destination
release date, velocity

Ship Traffic Optimization on the Kiel Canal

Canal as interval C⇤ R with Ships S= {1, . . . , n} with

� E : segments as partition
of C = ⇧E�EE into intervals

� T ⇤ E : sidings as special
segments

� CE⇥ S � S: conflict sets

� wi, ⇥i: dimensions
� si, ti⌅ C: origin & destination
� ri: release date
� vi: velocity
� bi,Bi: waiting bounds

12 / 26

Situation at the Kiel Canal Characterization Heuristic for Simulation Lower Bounds

Traffic Groups and Passage Numbers

traffic groups for ships:

1

2
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passage numbers for segments:
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4 Ship Traffic Optimization for the Kiel Canal

Ship Traffic Optimization on the Kiel Canal

Canal as interval C⊂ R with Ships S= {1, . . . , n} with

◃ E : segments as partition
of C = ∪E∈EE into intervals

◃ T ⊂ E : sidings as special
segments

◃ CE⊆ S × S: conflict sets

◃ wi, ℓi: dimensions
◃ si, ti∈ C: origin & destination
◃ ri: release date
◃ vi: velocity
◃ bi,Bi: waiting bounds

12 / 26

63
2

4

Goal: Find collision-free dynamic routes  
minimizing total waiting time ∑ship s ws

sum of ship types ≤ passing limit of segment



Is data available?

Weg-Zeit-Bild

7 / 20

Yes, we have a space time diagram of every day



Can we get data?

‣ The canal
topography
capacities per siding
passing model

‣ The ships and their manually 
planned routes

plus traffic group, waiting 
times etc.

Yes, we have everything on our computers …

Test Instances

I this is not a joke!
How to Deal with the Industry Felix G. König

We agreed on a side contract to get the data out of their database

This is not a joke



Routing AGVs in the Hamburg 
Harbour

Ewgenij Gawrilow, Elisabeth Günther,  
Ekkehard Köhler, Rolf Möhring, Björn Stenzel



‣ most modern container terminal

‣ far reaching automatization of the logistic processes

‣ expanding at high rates

‣ here: Transport of containers between waterside and  
storage area

with 70 Automated Guided Vehicles (AGVs)

Container Terminal Altenwerder (CTA)

Combinatorial Optimization

and Graph Algorithms
Technische Universität Berlin

Automation in Logistic Systems

Observation: Increasing level of automation in logistic systems

↪→ Usage of Automated Guided Vehicles (AGVs)

↪→ Need to control these AGVs in real-time

(route computation, collision avoidance)

Conclusion: Need efficient and intelligent routing mechanism

Björn Stenzel Conflict-free Real-time AGV Routing, 3



Overview of the harbor layout

Routing Area, 1.4 km long



Overview of the harbor layout



Routing area with AGVsCombinatorial Optimization
and Graph Algorithms Technische Universität Berlin

November 2004, 7



Optimization model

water side

storage area

‣ Graph with 15,647 arcs and 5,445 vertices
‣ Travel times τa on arc a
‣ Sequence of routing requests with

start, destination, departure time
‣ Wanted: – collision-free routes

– garanteed arrival times
– high throughput at the bridges (= cranes)



Example of a routing
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Example of a routing
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Example of a routing
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Example of a routing
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Complicating conditions

Turning behavior Orientation at the destination

acc
ele

rat
ion deceleration

Real world dynamics



Used: static routing methods

PSfrag replacements
a

Abbildung 5: 1. Anfrage: B -> F; 2. Anfrage: D -> F

Abbildung 6: Routing ohne Strafkosten. Sowohl der rote Weg (B − C − E − F ) als auch der
blaue Weg (D − C − E − F ) starten zum Zeitpunkt 0. Der rote Weg erreicht Kante C − E zum
Zeitpunkt 1, der blaue erst zum Zeitpunkt 2.

12

compute
shortest path

in graph

PSfrag replacements
a

Abbildung 5: 1. Anfrage: B -> F; 2. Anfrage: D -> F

Abbildung 6: Routing ohne Strafkosten. Sowohl der rote Weg (B − C − E − F ) als auch der
blaue Weg (D − C − E − F ) starten zum Zeitpunkt 0. Der rote Weg erreicht Kante C − E zum
Zeitpunkt 1, der blaue erst zum Zeitpunkt 2.

12

penalize used
arcs, compute

new path

PSfrag replacements
a

Abbildung 5: 1. Anfrage: B -> F; 2. Anfrage: D -> F

Abbildung 6: Routing ohne Strafkosten. Sowohl der rote Weg (B − C − E − F ) als auch der
blaue Weg (D − C − E − F ) starten zum Zeitpunkt 0. Der rote Weg erreicht Kante C − E zum
Zeitpunkt 1, der blaue erst zum Zeitpunkt 2.

12

computed paths 
 need not be

shortest paths

Hope that this avoids collisions at run time



Needs collision control at run-time

Claim 1 Claim 2

Reserve parts of a route exclusively for one AGV (Claiming)

Compute route



Disadvantages of claiming

1. no guaranteed arrival times

2. livelocks

B

A

Abbildung 4: Deadlocksituation.

Ein solches statisches Routing hat aber noch andere Nachteile. Wie bereits erläutert, werden
Routen mittels einer kürzeste-Wege-Berechnung über die Kostenfunktion auf den Kanten des
Graphen ermittelt. Dabei wird versucht sowohl die Ermittlung einer zeitlich möglichst kurzen
Route, als auch das Vermeiden von hoher Verkehrsdichte auf Kanten des Graphen zu kombinieren.
Lässt man aber die zeitliche Abhängigkeit des Problems außer Acht, so führt dies dazu, dass
unter Umständen weder eine zeitlich günstige Route bestimmt wird, noch auf die tatsächliche
Verkehrsdichte eingewirkt wird. Zum einen verfälschen die künstlichen Strafkosten auf den Kanten
die Fahrzeitberechnung im kürzeste-Wege-Algorithmus, so dass eine Aussage über die tatsächliche
zeitliche Länge der gefundenen Route im Vergleich zum in der jeweiligen Situation existierenden
kürzesten Weges nicht mehr ohne weiteres möglich ist. Zum anderen ist die entlang eines Weges
hinzugerechnete künstliche Kostenfunktion zwar geeignet in einem statischen, also nicht zeitlich
abhängigen Modell, die durchschnittliche Straßenbelastung zu minimieren, weniger aber in einem
zeitlich variablen Problem, wie dem hier vorliegenden. Zur Illustration der genannten Probleme
des statischen Ansatzes seien zwei einfache Beispiele angeführt.

Beispiel 3 Dieses Beispiel zeigt, dass die Einführung einer künstlichen Straffunktion dazu führen
kann, dass Routinglösungen gefunden werden, deren Routenlänge weit vom optimalen Wert ab-
weichen.

Betrachten wir das in Abbildung 5 dargestellte einfache Netzwerk mit 6 Knoten und 7 Kanten.
Die ersten an den Kanten stehenden Ziffern bezeichnen die Fahrzeit auf der jeweiligen Kante.

Nehmen wir an, dass zum Zeitpunkt 0 zunächst eine Anfrage für eine Route von Knoten B
nach Knoten F gegeben wird. Die kürzeste Route im Graphen bzgl. der Kosten an den Kante ist
die Route B−C−E−F . Als vereinfachte Strafkostenfunktion sei nun die Funktion angenommen,
die den Kanten die Anzahl der über sie verlaufenden Routen zuordnet. Dementsprechend haben
die Kanten B−C, C−E, E−F als neue Kosten den Wert 2. Erfolgt nun, ebenfalls zum Zeitpunkt
0, eine neue Anfrage nach einer Route zwischen Knoten D und F , so liefert der kürzeste-Wege-
Algorithmus die Route D −C −F der Länge 5, da der im ursprünglichen Netzwerk kürzeste Weg
D −C −E − F bezüglich der neuen Kosten die Länge 6 hat. In der Tat verlaufen die gefundenen
Wege über verschiedene Kantenmengen, so dass die Verkehrsdichte auf allen Kanten zu jedem
Zeitpunkt maximal 1 ist.

Würden nun statt der künstlichen Strafkosten die tatsächlichen kürzesten Wege zum Routen
der AGVs verwendet, so zeigt Abbildung 6, dass auch in diesem Fall zu jedem Zeitpunkt nur
höchstens ein Fahrzeug eine Kante benutzen würde. Außerdem wäre der Weg zwischen D und
F weitaus günstiger, als der im Falle der künstlichen Kosten gefundene Weg; eine solche Lösung
wäre also der ersteren zu bevorzugen.

Das Problem des statischen Ansatzes an dieser Stelle ist, dass aus der zeitunabhängigen Be-

11

3. deadlocks



Our approach: dynamic flows

Abbildung 7: Netzwerk zusammen mit entsprechendem zeitexpandiertem Netzwerk.

Abbildung 8: Zeitexpandierte Darstellung von Beispiel 3.

14

Time-expanded graph
Abbildung 7: Netzwerk zusammen mit entsprechendem zeitexpandiertem Netzwerk.

Abbildung 8: Zeitexpandierte Darstellung von Beispiel 3.

14

Graph



Want disjoint paths in the time-expanded graph

Abbildung 7: Netzwerk zusammen mit entsprechendem zeitexpandiertem Netzwerk.

Abbildung 8: Zeitexpandierte Darstellung von Beispiel 3.

14

static routing, T = 5

Abbildung 7: Netzwerk zusammen mit entsprechendem zeitexpandiertem Netzwerk.

Abbildung 8: Zeitexpandierte Darstellung von Beispiel 3.

14

dynamic routing, T = 4



Modeling the time expansion
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Shortest paths with time-dependent blockings

modeled by implicit time expansion
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Graph with 
blockings
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• easy here, as  ca  =  τa + time spent waiting

Known: shortest paths with time windows

J. Desrosier, Y. Dumas, M. Solomon, F. Soumis:
Time Constrained Routing and Scheduling
in: Handbook in Operations Research and 

Management Science Vol. 8
Chapter 2: Network Routing, pp. 35 - 139
Elsevier 1995

• Wanted: Shortest path w.r.t. cost  ca  that respects
the time windows w.r.t. the  τa

• Given: Graph  G = (V,E)  with cost  ca,  travel time  τa    
and time windows       on every arc  a

• algorithmically difficult (NP-hard)

Fi
a



Efficient algorithm

‣ Generalizes Dijkstra‘s algorithm, it minimizes  
travel time  τa  +  time spent waiting

‣ Polynomial run time and very fast in practice

‣ Works also w.r.t. orientation and turning behavior of the AGVs

‣ Additional speed up by goal-directed search

u

v



Architecture of the algorithm

G T Zielwert

G T Zielwert

Sperrungen

AGV − Schicht

T

G

(Kürzeste−)
Wege−Suche

Verwaltung von

Graph

G T Zielwert shortest path 
computation

maintaining 
the blockings

AGV layer

Graph

value



Details of the AGV layer

‣ Model the turning behavior through preprocessing

‣ Increases graph size to 5,445 vertices and 43,324 arcs



Dynamic routing in action



Results for 79 AGV scenario - overview
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GPT TUB unidirectional TUB bidirectional

‣ 20% improvement in high traffic scenarios

‣ HHLA bought our software in 2009



Back to the Kiel canal

The routing part is polynomial in the canal …
use the AGV routing algorithm

Feasible Routing for one Ship

4

� use Labeling Dijkstra for the “Shortest path problem with time
windows” [Gawrilow, Köhler, Möhring, and Stenzel (2005)]

� advantage: algorithm takes all important sidings at once into
account

� problem: all the different ship-properties

� solution: special graph with lots of “implicit discretization” and
advanced blocking calculation

� covers lots of real world details

Label
predecessor
[epat, lpat]

16 / 26

… but the whole problem is strongly NP-hard

Einleitung Heuristik STCP BSP CRAS Z

Nord-Ostsee-Kanal

Weichen im Kanal ermöglichen Begegnung mit zu großen Schi↵en:

Begegnung mancher Schi↵e auf Abschnitten zwischen Weichen möglich:

6

3

2 4

On- and O✏ine Scheduling of Bidirectional Tra�c 3/51



Sequential routing

‣ Can be arbitrarily bad

‣ There is no ordering that leads to an optimal solution

Sequential Routing

� can be arbitrarily bad
� independent of routing sequence
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Mixed integer optimization models are too weak
Dependence of Routing and Scheduling

MIP for a relaxation of the problem:

min
�

s�S,t�T
ws,t

s.t. ds,e�s + �s,e = ds,e s ⌅ S, e ⌅ E \ T
ds,t�s + �s,t + ws,t = ds,t s ⌅ S, t ⌅ T

zs1,s2,e = 1 ⇤ ds1,e +�(s1, s2, e) � ds2,e e ⌅ E \ T , (s1, s2) ⌅ Ce

zs1,s2,e = 0 ⇤ ds2,e +�(s2, s1, e) � ds1,e e ⌅ E \ T , (s1, s2) ⌅ Ce

ds,e � ds,e � ds,e s ⌅ S, e ⌅ E
ws,t ⇥ 0 s ⌅ S, t ⌅ T

zs1,s2,e ⌅ {0, 1} e ⌅ E \ T , (s1, s2) ⌅ Ce

routing constraints

scheduling constraints

15 / 26

even for simplifications of the model



Feasible Routing for one Ship

4

� use Labeling Dijkstra for the “Shortest path problem with time
windows” [Gawrilow, Köhler, Möhring, and Stenzel (2005)]

� advantage: algorithm takes all important sidings at once into
account

� problem: all the different ship-properties

� solution: special graph with lots of “implicit discretization” and
advanced blocking calculation

� covers lots of real world details

Label
predecessor
[epat, lpat]
edge length

16 / 26

Our algorithm

‣ The routing part is polynomial ... but the scheduling makes the problem 
strongly NP-hard 

‣ Use the router developed for routing AGVs in a container terminal ...

‣ ... and combine it with local search and a rolling time horizon for the 
scheduling

Planning within a Rolling Horizon

� broader local search
� simulates online setting
� coupling with the locking algorithm is possible

20 / 26

‣ Includes lock scheduling at both ends of the canal



Some of the many more details

4

Feasible Routing for one Ship

4

� use Labeling Dijkstra for the “Shortest path problem with time
windows” [Gawrilow, Köhler, Möhring, and Stenzel (2005)]

� advantage: algorithm takes all important sidings at once into
account

� problem: all the different ship-properties

� solution: special graph with lots of “implicit discretization” and
advanced blocking calculation

� covers lots of real world details

Label
predecessor
[epat, lpat]
edge length

16 / 26

‣ algorithm takes all sidings at once into account

‣ ensures that partial routes can be extended to a complete 
route

‣ respects different ship properties, locations in sidings

‣ uses a special graph with “implicit discretization” and 
advanced blocking calculation for this purpose

‣ covers all real world details



Results

‣ Similar behavior as manual planning

‣ 25% improvement on average

‣ thus suited for studying different options for the canal enlargement

‣ recommendations for enlargement made in 2011

‣ continuation of the project for the construction phase was planned

Test Instances

I this is not a joke!
How to Deal with the Industry Felix G. König
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Glimpses of the algorithm: Space-time diagram



Glimpses of the algorithm: Traffic visualization

Global view

Locks in Brunsbüttel Siding in Breiholz



‣ Why route AGVs sequentially?

‣ What is the sequential gap?

‣ Can the static approach be improved?

‣ Is it competitive?

[Ewgenij Gawrilow, Max Klimm, R. M., Björn Stenzel]
EURO J Transp Logist 2012

Practice generates many theoretical questions  
that often are only solved after completion of the project

Research questions from the AGV routing project

Theory Applications



Summary ex post analysis

‣ Complexity results justify sequential routing algorithm
polynomial in theory and fast in practice

‣ Sequential gap is small for harbor grid layout
less than 4% for 4-6 horizontal tracks

‣ Static approach can be improved by load balancing and 
proper deadlock avoidance

load balancing improves runtime
travel time for deadlock avoidance increases rapidly with 
traffic density

‣ Dynamic router is is the clear winner for dense traffic
but (slightly) inferior in low traffic scenarios



On- and O✏ine Scheduling of Bidirectional Tra�c

27. Mai 2015Wissenschaftliche Aussprache

TU BerlinElisabeth L

¨

ubbecke

Scheduling Bidirectional Traffic on a Path 
Max Klimm | Technische Universität Berlin 

joint work with Yann Disser and Elisabeth Lübbecke  
ICALP 2015, LNCS 9134, pp. 406–418

Research questions from the Kiel canal project

slide thanks to Max Klimm
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Main results
Introduction Identical jobs Di↵erent jobs
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Related work in „classical“ scheduling
Introduction Identical jobs Di↵erent jobs

Related work

Single machine scheduling:

I NP-hard [Lenstra et al., 1977]

I PTAS [Afrati et al., 1999]

I of two job families with setup times

Flow shop scheduling:

I without release dates:
I NP-hard already for m = 2 [Garey et al., 1976]
I no PTAS for arbitrary m [Hoogeveen et al., 1998]

I with release dates:
I polynomial for p

ij

= 1 [Brucker et al., 2005]

Job shop scheduling:

I with release dates:
I PTAS for constant m [Fishkin et al., 2003]

Scheduling Bidirectional Tra�c on a Path

5/29



Related work about bidirected traffic (1)

‣ Single Track Train Scheduling   
J. Harbering,  A. Ranade, M. Schmidt, Preprint, 2015

complexity results about the scheduling 
(no compatibility graph)

‣ The generalized lock scheduling problem: An exact 
approach 
J. Verstichel, P. De Causmaecker, F. Spieksma, G. Vanden Berghe, 
Transportation Research 2014

ship placement, chamber assignment and lockage 
operation scheduling solved with mixed integer linear 
programming

Station s1 Station s2 Station s3 Station s4t1,2 t2,3 t3,4

Figure 1: Example for a space time diagram with Pl = Pr = 4 and n = 4

For explanatory purpose we introduce two terms. Suppose a train is at a certain point of the linear network,
then we call the remainder of the network, which the train still has to traverse, its remaining part of the
network. The time-wise distance between two trains (usually on a specific block) is called headway.

In the following we discuss how this problem is related to machine scheduling and to what extent
complexity results from scheduling theory carry over to (STTS).

4 Lower Bound

In this section we discuss a lower bound on the objective value of the optimal solution for an instance I
of (STTS). This value will help us to prove optimality of scheduling strategies for subsequent instances of
(STTS).

The lower bound is given by

T lo(I) = max
i=1,...,n

8
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>

>

>
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⌘
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;

9

>

>

>

=

>

>

>

;

(1)

Let the block for which the maximum is attained in (1) be called the bottleneck block. Later on we will
see that in many cases, a good scheduling strategy on the bottleneck block guarantees that the lower bound
can be obtained as the makespan.

Lemma 4.1. T lo(I) is a lower bound on the objective value of an instance I of (STTS).

Proof. Let us first consider one arbitrary block bi,i+1. All trains must pass this block which makes up
(Pl + Pr)ti,i+1 of time. Additionally, the first train that passes the block needs some time to arrive at the block.

The minimum time for a train to arrive at bi,i+1 is given by the minimum of the distances of the parts left

5



Objectives The model described above can be used to study different optimization
problems related to different objective functions: the most natural objectives are
network capacity, transportation speed and cost.

The aim of this study was to determine the maximum (current and potential)
transportation capacity of the waterway system. Hence our main objective is the
maximization of the overall freight flow between sea harbors and inland harbors: the
barge flows for each class (not necessarily for each load level) must be the same, but
this does not imply that the freight flows are also the same, because each barge
could receive different loads when traveling from the sea to inland harbors and vice
versa.

The objective function corresponding to the overall system capacity, indicated by
z, is the following:

Maximize z ¼
X

k2K;r2R
qr

X

i2Nþ

/kr
ti þ

X

k2K;r2R
qr

X

i2N#

fkrsi :

A mathematical programming model The resulting mathematical programming
model is a max-flow problem, that is a linear programming model, and it is easily
solvable to proven optimality with existing solvers. Given the small size of the
network under examination it is also possible to use free solvers. The results
reported in the next section have been obtained with the free GLPK solver (2014),
MathProg modeling language and Gusek interface.

Fig. 1 The Northern Italy waterway system network

A network flow model 109

123

Related work about bidirected traffic (2)

‣ A network flow model of the Northern Italy waterway 
system   
Giovanni Righini, EURO J Transp Logist, 2016

estimate max flow from Adriatic sea  
to inland harbors along river Po 
and connected canals  
(considers also locks)



After the completion of the project

‣ Total tonnage decreased after 2008

‣ 2014: Government provides € 265 million for enlargement 
of the Eastern part

New lock chamber in Kiel, starting in 2018

Improvements of bends in the Eastern part

Enlargements of sidings in the Eastern part
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